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^ ; Abstract 

In this paper, we first present a classification theorem of simple infinite-dimensional Novikov 
I algebras over an algebraically closed field with characteristic 0. Then we classify all the irre- 

ducible modules of a certain infinite-dimensional simple Novikov algebras with an idempotent 
element whose left action is locally finite. 
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1 Introduction 



> . 

CN . A left-symmetric algebra is an algebra whose associators are left symmetric. The commu- 
te ■ 

Q ■ tator algebra associated with a left-symmetric algebra forms a Lie algebra. Left-symmetric 
Q ' algebras play a fundamental role in the theory of affine manifolds (cf. [A], [FD]). Kim 
^ I [Kl-2] classified all the left-symmetric algebras whose commutator Lie algebra are of 

! small dimensions. Left-symmetric rings were studied by Kleinfeld [Kl]. A real finite- 
d • dimensional left-symmetric algebra Q with = ^ is trivial (cf. [H]). Moreover, a 

left finite-dimensional left-symmetric algebra is trvial if its commutator Lie algebra is 
semi-simple over a field with characteristic by Whitehead's Lemma. Over a field with 
characteristic p, Burde proved that there exist finite-dimensional left-symmetric algebras 
whose commutator Lie algebras are classical simple Lie algebras with dimension divisible 
by p or nonrestricted simple Lie algebras of Cartan type, and Shen [S] found some special 
left-symmetric algebras whose commutator Lie algebras are Witt algebras. 

A Novikov algebra is a left-symmetric algebra whose right multiplication operators are 
mutually commutative. Novikov algebras appeared in the work of Gel'fand and Dorfman 
[GDo], corresponding to certain type of Hamiltonian operators. Balinskii and Novikov 
[BN] found the same algebraic structure in connection with Poisson brackets of hydrody- 
namic type. The abstract study of Novikov algebras was started by Zel'manov [Z] and 
Filipov [F]. The term "Novikov algebra" was given by Osborn [01]. 

In this paper, we first present a classification theorem of simple infinite-dimensional 
Novikov algebras over an algebraically closed field with characteristic 0. Then we classify 
^Research supported by Hong Kong RGC Competitive Earmarked Research Grant HKUST6133/00P 
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all the irreducible modules of a certain infinite-dimensional simple Novikov algebras with 
an idempotent element whose left action is locally finite. 

To our best knowledge, there are no relatively complete classification results on simple 
left-symmetric algebras, ffowcvcr, we do have some relatively complete classification 
results on simple Novikov algebras. Zcl'manov [Z] proved that a finitc-dimcnsional simple 
Novikov algebra over an algebraically closed field with characteristic is one-dimensional. 
Osborn [Of] proved that for any finite-dimensional simple Novikov algebra over a perfect 
field with characteristic p > 2, the associated commutator Lie algebra is isomorphic to 
a rank-one Witt algebra. These Witt algebras play fundamental roles in Lie algebras 
over a field with prime characteristic and are also important in other mathematical fields. 
An element e of a Novikov algebra (A/", o) over a field F is called idempotent if e o e G 
Fe. Moreover, Osborn [02] classified finite-dimensional simple Novikov algebras with an 
idempotent element over an algebraically closed field with characteristic p > 2. We gave 
in [XI] a complete classification of finite-dimensional simple Novikov algebras over an 
algebraically closed field with characteristic p > 2 without any conditions. Although the 
classification problem of finite-dimensional irreducible modules of its associated rank-one 
Witt algebra is still open, finite-dimensional irreducible modules of a finite-dimensional 
simple Novikov algebra over an algebraically closed field with characteristic p > 2 were 
completely determined in [XI]. 

In [XI], we also introduced "Novikov- Poisson algebras," which are analogues of (Lie) 
Poisson algebras, and their tensor theory. Structures of Novikov- Poisson algebras have 
given us a better picture on simple Novikov algebras and their modules. Before our 
work [X2], all the known simple Novikov algebras (cf. [F], [Z], [Of-3], [XI]) have an 
idempotent element. A natural question was whether there exist simple Novikov algebras 
without idempotent elements. In [X2], a large family of simple Novikov algebras without 
idempotent elements were constructed through Novikov-Poisson algebras. Besides, a large 
class of Novikov-Poisson algebras are NX-bialgebras, which determine certain Hamiltonian 
supcroperators of one supervariable (cf. [X3]). 

Osborn [03] gave a classification of infinite-dimensional simple Novikov algebras with 
an idempotent element, assuming the existence of generalized-eigenspace decomposition 
with respect to its left multiplication operator. There are four fundamantal mistakes in 
his classification. The first is using of Proposition 2.6 (d) in [01] with /9 7^ 0, which was 
misproved. The second is that the eigcnspacc Aq in Lemma 2.12 of [03] does not form 
a field when 6 = with respect to the Novikov algebraic operation. The third is that 
Aq may not be a perfect field when 6 7^ 0. The fourth is that the author forgot the case 
6 = and A = {0} in Lemma 2.8. In addition to these four mistakes, there are gaps in 
the arguments of classification in [03]. It seems that one can not draw any conclusions 
of the classifications based on the arguments in [03]. In [05], Osborn have given certain 
properties of modules of infinite-dimensional simple Novikov algebras with an idempotent 
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element. 

A linear transformation T of a vector space V is called locally finite if the subspace 

oo 

FT"^(t>) is finite-dimensional for any veV. (1.1) 

m=0 

An element u oi a, Novikov algebra Af is called left locally finite if its left multiplication 
operator is locally finite. 

The aim of this paper is to classify infinite-dimensional simple Novikov algebras over 
an algebraically field F with characteristic 0, which contain a left locally finite element e 
whose right multiplication operator Re is a constant map and left multiplication operator 
is surjective if i?e = (see Theorem 3.4), and to classify all the irreducible modules of a 
certain infinite-dimensional simple Novikov algebras with an idempotent element whose 
left action is locally finite (see Theorem 4.3). 

Throughout this paper, all the vector space are assumed over a field F with character- 
istic 0. Denote by Z the ring of integers and by N the additive semi- group of nonnegative 
intgers. 

The paper is organized as follows. Section 2 is a preparation for our classification of 
algebras, where we discuss "homological group algebras" and their connection with simple 
Novikov algebras. The classification of simple Novikov algebras is given in Section 3. In 
Section 4, we classify the irreducible modules. 

2 Homological Group Algebras 

In this section, we shall introduce the notion "homological group algebra" and use it to 
construct a family of simple Novkov algebras larger than the one we obtained in Section 
2 of [X2] 

Definition 2.1. Let G be a group and let Fi be any field. Set 

F^^ = Fi \ {0}. (2.1) 

We view F^ as the multiphcation group of Fi. A map / : G x G — > F^ is called a two-cycle 
if 

f(9i, 92)f{gi92, 93) = f{9u 9293) f {92, 93) for ^1, ^2, 93 e G. (2.2) 
We denote the set of two-cycles by c^(G,F^). The multiplication on c^(G,Ff ) is defined 
by 

{hf2){9u92)^h{9i.92)f2{9u92) for /i,/2 e c^G.W^), g,,g2 G G. (2.3) 

With respect to the above operation, c^{G,¥^) forms an abelian group. For any map 
77 : G — > Ff , we define 

dr,{9i, 92) = V{9i92)v{9i)~^v{92)~^ 9i, 92 e G. (2.4) 



Then 

dnigi, g2)dr,{gig2, gs) = vigig2)v{gi)~^vig2)'^vigig2g3)v{gig2)''Mg3)~^ 

= v{gi)~^v{g2)~^v{g3)~^v{gig2g3) 

= v{9i9293)v{9iy^v{92g3y^vig2g3)v{g2y^v{g3)~^ 

= dnigi, g2g3)dr,{g2, g3) (2.5) 

for gi,g2,g3 e G. So e c^(G,Ff). We call a two-boundary. The set 6^(6*, F^) of 
two-boundaries forms a subgroup of c^(G, ). We define the second cohomology group: 

H\G,¥^) ^ c\G,¥^)/b\G,¥^). (2.6) 

For any / G 0^(6", F^), wc define a homological group algebra ¥i[G]f to be a vector 
space with a basis {e^ | g G G} and its algebaric operation "•" defined by 

^91 ' ^92 = /(5'i)fl'2)egip2 for 9'i,9'2 e r. (2.7) 

Expression (2.2) imphes the associativity of (Fi[G]/, •). For any map rj : G ^ F^, 
{ri{g)~^eg | G F} is also a basis of Fi[G]/. Moreover, 

{v{gi)~^egj ■ {v{g2)~^eg^) = f{gi,g2)v{gig2)v{gi)~^v{g2)~\v{gig2)~^eg^g^) (2.8) 

for g'1,5'2 e G. This shows that / and fdj^ define isomorphic homological group alge- 
bras. So each element in if^(G, Fi) corresponds to a homological group algebra over Fi. 
Another factor causing an isomorphisms between two homological group algebras is the 
automorphism group Aut G of G. For a G Aut G, we define its action on c^(G, Fi) by 

{'yf){gi,g2)^f{<j-'gi,<j-'g2) for / e c'{G,¥,), g,,g^ g G. (2.9) 

This provides a group action of Aut G on c^(G,Fi). Similarly, we define a group action 
of Aut G on the set Map(G, F^ ) of maps from G to F^ by 

{ar)){g) = r]{a-'^g) for r] G Map(G', F^ ), (j G Aut G, g E G. (2.10) 

Furthermore, for r] G Map(G, F^) and a G Aut G, 

{adrj){gi,g2) = d^{a~^gi,a'^g2) 

= r^{a-\g,)a-\g2))v{a-'gr)-'v{a-'g2)-' 

= r]{cr~^{gig2))r]{cr~^gi)~^r]{a-^g2)~^ 

= dar,igi,g2) (2.11) 



for fill, G G. Thus 



ad^ = d„^ for G Map(G,Ff), (2.12) 



4 



which imphes, 

{AutG){b\G,¥i)) = b\G,Wi). (2.13) 

Thus we have an induced group action of Aut G on H^[G,¥i). We define the absolute 
second cohomogy of G over Fi as the set of (Aut G)-orbits: 

H-''^{G, Fi) = H\G, Fi)/(Aut G). (2.14) 

When G is torsion free, every invertible element in a homological group algebra Fi[G]/ is 
of form Xeg for some A e F^ and g & G. Hence we have: 

Proposition 2.2. There exists a one-to-one correspondence between the set of iso- 
morphic classes of homological group algebras and absolute second cohomogy when the 
group is torsion-free. 

Note that there exists an identity element 1 in c^{G,¥i) defined by 

l(fl'i,fl'2) = 1fi for 5(1,5(2 e G. (2.15) 

In particular, Fi[G]i is the usual group algebra of G over Fi. When the context is clear, 
we also use 1 to denote its image in if^(G, Fi). Recall that a perfect field Fi is a field 
such that — A = has a solution in Fi for any postive integer n and A e Fi. A two 
cycle / of G is called symmetric if 

f{9i, 92) = f (92,91) ior gi,g2eG. (2.16) 

Note that when g2 — gs — 1 in (2.2), we have 

/(51, l)/(5i, 1) = fig,, 1)/(1, 1) for 51 e G, (2.17) 

eqivalently, 

/(5i,l) = /(l,l) for^iGG. (2.18) 

Similarly, we get 

/(1,1) = /(1,53) for53eG (2.19) 
Moreover, we define ( e Map(G, F^) by 

C(5)=/(l,l)-'^'« for5eG (2.20) 

Then 

(K)(i,y) = {fdc){gA) = 1 for y e G (2.21) 

Proposition 5.4.4. Suppose thatG is a torsion-free abelian group and f e c^(G, F^) 
is symmetric. We have f e b^{G, Fi) if G is a free group or Fi is perfect. 

Proof. To prove the conclusion is equivalent to proving that Fi[G]/ is isomorphic to 
lFi[G]i for any symmetric / e c^(G, Fi). For convenience, we use + to denote the group 



operation of the torsion-frec abclian group G and to denote Iq. Let / € c^(G, F^) be a 
given symmetric element. By (2.17)-(2.21), we can assume 

/(O, a) = /(a, 0) = 1 for q; e G (2.22) 

Thus Co is an identity element of the algebra FifG]/, which is commutative by (2.16). 

Assume that G is a free abelian group with a generator set F (Z-basis). For any 7 G F, 
we let 

^^ = e^, ^?_^ = /(7,-7)-ie_^. (2.23) 

Any element a e G can be written as a = X^-ygr ^7^77 with n-y e N and e {1,-1}, we 
define 

^a = n^";7^^i^- (2.24) 
7er 

Then we have 

^a-'&p = ^a+p (2.25) 

for a,P & G. So Fi[G]/ is isomorphic to Fi[G]i. 

Suppose that Fi is perfect. We let -do — ^o- Assume that we have choosen 

{0 ^ i?« e Fie„ \aeG'} (2.26) 

for a subgroup G' of G such that (2.25) holds for a,pe G'. Let 7 e G \ G'. If Z7 fj G' = 
{0}, we choose 'd±-y as in (2.23) and define 

^±nj+a = (^?±7)" • for 71 G N, « G G'. (2.27) 

Then (2.25) holds for a, /? e Z7 + G'. If Z7 fj G^ {0}, then 

Z/3p|G' = Zm7 (2.28) 

for some positive integer m. Note that 

e^^^X^rwy for some 7^ A e Fi. (2.29) 

Choose any e Fi such that /i"* — A and define 

= /xe^, = i^'^fi^, -7)~^e_^. (2.30) 

Then (2.27) is well defined. Again (2.25) holds for G Z7 + G'. Since (2.25) holds for 
a,/? e G' when G' = {0}, we can choose {0 7^ -(^o G Fie^ | a e G) such that (2.25) holds 
for a, /3 e G by induction on subgroup G'. So Fi[G]/ is again isomorphic to Fi[G]i. □ 

Let us now give a detailed definition of "Novikov algebra." A Novikov algebra is a 
vector space jV with an algebraic operation o such that 

{uov)ow— {uow) ov, (2-31) 



fi 



{u o v) o w — u o [v o w) = {v o u) o w — V o [u o w) (2.32) 

for u, V. w G A/". A subspacc X of the Novikov algebra A/" is called an left ideal {right ideal) 
ii M oX d I {X o J\f <Z I). A subspace is called an ideal if it is a both left and right ideal. 
The algebra M is called simple if the only ideals of H are the trivial ideals: {0}, N i and 

Now we want to construct simple Novikov algebras. Let A be an additive subgroup 
of the base field of F and let Fi be an extension field of F. For a symmetric element 
/ e c^(A, F^), we define ^(A, /, N) to be a vector space over Fi with a basis 

Kj|(a,j)eAxN} (2.33) 

and define an algebraic operation "•" on ^(A, /, N) by 

for (ai,ji),(a2,j2)e AxN. (2.34) 

Then (^(A, /, N), •) forms a commutative associative algebra and 

(^(A,/,N),-) =Fi[A]y ®FiFiM (2.35) 

as associative algebras. Moreover, 

^(A,/,{0}) = ^Fiii,,,o (2.36) 

forms a subalgebra that is isomorphic to Fi[A]/. 

Let J e {{0},N}. The algebra ^(A,/, J) is defined as in the above. We define 
9eEndF,^(A,/, J) by 

d{ua,j) = aua,j + jua,j-i for {a,j) e A X J. (2.37) 

We view ^(A, /, J) as an algebra over F. Then d is again a derivation. For any ^ e 
^(A, /, J), we define the algebraic operation on ^(A, /, J) over F by 

uo^v^u- d{v) +^-u-v ioT u,v e A{A, f, J). (2.38) 

By the proof of Theorem 2.9 in [X2], we have: 

Proposition 2.3. The algebra {A{A., f, J),o^) forms a simple Novikov algebra over 
the field F. 

3 Classification of Algebras 

In this section, we shall classify of infinite-dimensional simple Novikov algebras containing 
a left locally finite element e whose right multiplication operator Re is a constant map 
and the left multiplication operator is surjective if Re — 0. 
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Let (A/", o) be a Novikov algebra. For u G A/", we define the left multiplication operator 
Lu and the right multiplication operator Ru by 

Luiv) — uov, Ru{v) — V ou for i> e J\f. (3-1) 

Equation (2.31) implies 

RuRy — RvRui Luov — RyLu for u,v E M. (3-2) 

Define 

[u^v]" — u o V — V o u for u,veH. (3.3) 

Then (A/", [■,•]") form a Lie algebra, which is called the commutator Lie algebra associated 
with the Novikov algebra {J\f,o). Moreover, Equation (2.32) shows 

Liu,v]- = [^u, Lv], [Lu, Ry] = Ruov - RyRu for u,v ej\f (3.4) 
For a fixed element u E M and A e F, we define 

K,x ^{veAf\(Ru- >^)"'(v) = for some m e N}. (3.5) 
Lemma 3.1 (Zel'manov, [Z]). The subspace Nu,\ is an ideal of N . 

Let M be a module of a Novikov algebra {M, o) . We define the left action Lm and 
right action Rm by 

Lm{u){w) = uow, Rm{u){w) = w ou for m e J\f, w & M. (3.6) 
Lemma 3.2 Suppose that H has an element e such that 

eo e — Xe. (3-7) 

Then we have the following identity: 

{RM{e) - XfRnie) = 0. (3.8) 
Proof Let w e M. By (2.32), 

(w o e) o e — w o (e o e) = {e o w) o e — e o (^w o e), (3.9) 
which is equivalent to 

(w o e) o e — Aw oe = Aeow — eo(woe) (3.10) 
by (2.31) and (3.7). Multiplying on the right by e, we obtain 

{{w o e) o e) o e — X{w o e) o e — A(e o ly) o e — (e o (w o e)) o e, (3-11) 

8 



which is equivalent to 

{{w o e) o e) o e — X{'w o e) o e — X^e ow — Xeo {w o e) (3-12) 
by (2.31). Subtracting A x (3.10) from (3.12), we get 

{{w o e) o e) o e — 2X{w o e) o e + X^w o e = 0, (3.13) 

equivalently, 

{RM{.e)-XfRM{.e){w) = Q. (3.14) 
Since w is arbitrary, (3.8) follows from (3.14). □ 

Lemma 3.3. Let (A/", o) he a simple Novikov algebra with an element e such that 
eo e = be with 6 e F and Lg is locally finite. Set 

M'^^{ueN \ {Lg-a- b)"'{u) = for some m e N} for a e F, (3.15) 

and denote 

A = {ae¥\K^ {0}}. (3.16) 

Then 

Af^^K (3.17) 

aeA 

and 

K^^fp^K+p for a,(3eAwhenReW^^bIdM^, (3.18) 

AfU o M'p c + for peA. (3.19) 
In particular, (3.18) implies 

K°K^ K+p for a, /? e A, a ^ -b. (3.20) 

Proof. Note that (3.17) follows from the local finiteness of Lg. We define 

d^Lg-b. (3.21) 

For u,v & J\f such that u o e = bu, we get 

d{uov) — e o [u o v) — b{u o v) 

— {e o u) o V + u o [e o v) — {u o e) o V — b{u o v) 

— {e o u) o V + u o {e o v) — 2b{u o v) 

— (e o u — bu) o V + u o (^e ov — bv) 

= d{u) o V + u o d{v) (3.22) 
by (2.32). Observe that 

J\f^ ^ {u e J\f \ {d - a)"" {n)^0 for some meN} for a e A. (3.23) 



Suppose that u,v E J\f satisfy uo e = bu and 

{d-a)'^'(u)^0, (d-(3)"''(v)^0 for some a, /3 e A, mi, m2 e N. (3.24) 



= {d-a- ov)-{a + p)u o v) 

= {d-a- f3r'+'"^'\d{u) ov + uo d{v) - {a + P)u o v) 

= {d-a- p)'^'+"''-\{d -a){u)ov + uo{d- p){v)) 

= = 0. (3.25) 

3=0 

Thus (3.18) holds. Furthermore, by linear algebra, 

eoU'^^U'^ for -fc^aeA. (3.26) 

By (2.31), 

i?ek = HdA/-, for -6^aeA. (3.27) 

Hence (3.20) is implied by (3.18). 
For any a e F, we set 

Na = {uEN\ Le{u) ^{a + b)u}. (3.28) 
Since {R^ — b){e) = 0, we have 

{Re -bf = (3.29) 
by Lemmas 3.1 and 3.2. For any u e J\f, we have 

eo {uo e — bu) = {e o u) o e + u o {e o e) — {u o e) o e — be o u 
— {e o e) o u + bu o e — {u o e) o e — be o u 
= {bRe-Rl){u) 

= {b^-bRe){u) 

= -b{uoe-bu) (3.30) 
by (2.31), (2.32) and (3.29), and 

{uoe-bu)oe^ {Rl- bRe) {u) = {bRe - b'^){u) = b{uoe- bu) (3.31) 
by (3.29). So 

{Re - b){M) C J\f^2b, Re\iR.-b)W = b. (3.32) 

Let u,v E M such that 

(a + 6)'"^(K) = 0, {d- l3)'^^{v)^Q for some /3 e A, mi,m2 e N. (3.33) 

in 



By (3.25) and (3.32), 

{d-f3 + 2b)'^^[{d + by'{b-Re){u)]o{d-f3y%v)^0 for ^1,^2 e N. (3.34) 

Since 

(9 - /3 + 26)'"2(9 -f3 + b){uov) 

= {d-f3 + 26)™2 [eo{uov)~ (3{u o v)] 

— {d — f3 + 26)™^ [{e o u) o V + u o [e o v) — {u o e) o V — (3{u o v)] 

= {d-(3 + 26)™2[(a + b){u)ov + uo{e- (3-b)ov) + {b- Re){u) o v] 

= {d- P + 2b)"''[{d + b){u)ov + uo{d- p)ov)] (3.35) 

by (2.32) and (3.34), we have 

{d-P + 2b)"'' {d -P + b)"''+"''{u o v) 

mi+m2 

= J2 r)^"'')i9 -/3 + 2b)"'' {d + by{u){d - /?)"^i+"^2-^(v) = 0. (3.36) 
i=o 

Thus (3.19) holds. □ 

Note the arguments in the above proof also show the following properties on the 
eigenspaces: 

NcoMjjC. Afa+p for a, /5 e A when i^eka = Md^„, (3.37) 

X-b oMpd Afp-b + Af/3-2b for /3 e A. (3.38) 
In particular, (3.37) implies 

MaoNpC Ma+p for a, /5 e A, -b. (3.39) 

Below, we shall re-establish a classification theorem, partially based on Osborn's ar- 
guments in [03] . We assume that F is algebraically closed. The following is the first main 
theorem in this paper. 

Theorem 3.4. Suppose that {M , o) is an infinite- dimensional simple Novikov algebra 
with a left locally finite element e whose right multiplication operator R^. is a constant 
map and left multiplication operator is surjective if Re = 0. Then there exist an additive 
subgroup A 0/ F, an extension field Fi 0/ F, a symmetric element f G c^(A,Fi), J G 
{{0},N} and ^ G F such that the algebra (A/", o) is isomorphic to {A{A, f, J),o^) (cf. 
(2.38)). 

Proof. Let (jV, o) be the Novikov algebra in the theorem. Assume 

Re = WdA/- with be¥. (3.40) 



11 



In particular, 

eoe = be. (3.41) 

We shall use the notations and conclusions in the above lemma. 
Let 

N^eoU. (3.42) 

Then 

Uz, ^'o' (3-43) 

by (3.26). In fact, one can derive 

i?eU = Hd^ (3.44) 

from (3.41) by (3.31) without assumption (3.40). The assumption (3.40) is a replacement 
of (3.41) that was used in [03] in the following Case 3 of our classification. 
For 

CO 

u e ^(i?Ar)"(e) and veAf, (3.45) 

n=0 

Define 

u-{eov)—uov. (3.46) 

Then J\f x J\f ^ J\f is a commutative bilinear map by (2.31). For any u,v,w ^ M 
such that {eo v) o w E J\f, we have 

(eou) ■ [(e ov) ■ {eo w)] — [(e ov)-{eo w)] • (eou) 

— {{eov)ow)ou 

= {{e o u) o v]o w 

— [(e ou) ■ {eo v)] ■ (eow) (3.47) 

by (2.31) and the commutativity. So the map "•" is associative. Furthermore, when 
eeJ^, 

e- {eou) — eou ior u E N". (3.48) 

Hence e is an identity element of (A/", ■) when b ^ 0. 

We use the notation in (3.21). For u,v E M, by (3.22), we get 

d[{e o u) • {e o v)] — d[{eou)ov] 

— d{e o u) o V + {eo u) o d{v) 

= d{e o u) o V + {e o u) ■ {e o d{v)) 

— d{e o u) ■ {e o v) + {e o u) ■ d{e o v). (3.49) 
So 9 is a derivation with respect to (jv, •). Moreover, 

{e o u) o V — {e o u) ■ {e o v) — {e o u) ■ {d{v) + bv) for u,v E H. (3.50) 

19 



Furthermore, by (3.18) and the fact that eoM^ C M'^ for any a G A (cf. (3.16)), we have 

K-^p<^ K+p for K,Af'p C Af. (3.51) 

Case 1. M = N. 

Under this assumption, (A/", ■) is (9-simple commutative and associative algebra by 
(3.50) and the simplicity of (jV, o), that is, the only 5-invariant ideal of (jV, •) are M and 
{0}. Hence 

(AA,-)=^(A,/,N) (3.52) 
(cf . (2.33), (2.34)) by Theorem 2.1 in [SXZ]. Therefore by (3.50), 

(AA,o)-(^(A,/,N),o,). (3.53) 

Case 2. Af ^N, h^Q 



E KoAfL^-, (3.54) 



(cf. (3.18)). 



Replacing e by 6 ^e, we can assume 6=1. If — 1 ^ A, then J\f = J\f, which is in Case 
1. So we asssume —1 G A. In this case, we can derive (3.40) from (3.41) and (3.54) by 
(2.31). For 7^ M G A/'a with a G A, we set 

oo 

4 = E(^^)"H- (3.55) 

n=0 

Note that e o u — (a + l)u E lu- Suppose that 

e o {{■ ■ ■ {{u o vi) o V2) ■ ■ ■) o Vk) G /„ for Vg e Af, s = 1, k. (3.56) 

Denote 

w = {■ ■ ■ ((u o vi) o V2) ■ ■ ■ ) ovk- (3.57) 

For any Vk+i G A/", we have 

eo{wo Vk+i) = (e o w) o Vk+i + wo{eo Vk+i) - {woe)ovk e (3.58) 
By induction on /c, we have 

e o 4 c 4. (3.59) 

Hence 

A'o 7„ = (e o A^) o 7„ = (e o 7„) o A^ C /„. (3.60) 

Moreover, by (2.31), (3.43) and (3.54), is an ideal of M. Since w = o e G /„, is a 
nonzero ideal. The simplicity of M implies 

lu^N. (3.61) 



Note that 

^ o Ar_i = (e o AT) o X-i = (e o AA_i) o A/" = {0} (3.62) 
by (2.31) and (3.28). Moreover, (3.54) and (3.62) imply 

XoX-i = {0} (3.63) 

by (2.31). Suppose that 

uov^O for some ^ u e Af^, Q ^ v e N'p. (3.64) 
Let mi, 1712 be the minimal non-negative integers such that 

{d-a)'^\u)^Q, {d- P)"'^{v) y^O, {d - a)"''+\u) ^ {d - f3)'^^+\v) ^ (3.65) 
(cf. (3.23)). By (3.25), we have 

= (d-a- f3)"''+"''{uov) = (™^+™^)(a-a)™^(M) o (a-/?)™^(t;). (3.66) 
So we have 

{d - a)""' (u) o{d- P)""' (v) = 0. (3.67) 
Observe that {d - a)"''{u) G A/; by (3.65). Hence 

Afo{d- pr^{v) = /(a-ari(„) o {d - pr^{v) = {0} (3.68) 

by (2.31), (3.55) and (3.61). Furthermore by (3.25) and (3.68), we have 

= (a - a - /3)™^+'"2-1(m ot;) = (™^+™^"^)(<9 - a)'"H«) ° (d - f^r^'^v) (3.69) 

when 777,2 > 0. By the above arguments, we get 

Af o {d - (3y''^-\v) = {0} (3.70) 

when 1712 > 0. Continuing this process, we can prove 

Afov^O. (3.71) 

In particular, 

eov^O. (3.72) 

Hence 

V e jV-i. (3.73) 

Therefore, 

is injcctive for v e {[J N'^) \M-i. (3.74) 

a€A 
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For any a G A, we pick ^ u E Ma- Expressions (3.55) and (3.61) imply that there 
exists {vs G N'p^ I s = 1, A;} such that 

Q ^ {■ ■ -{{uov^) 0V2) ■ ■ ■) ovk e Ni (3.75) 



Moreover, Vg ^ Af-i by (3.63) for each s e {1, ...,k} and ^^^^/^j = —a. By (3.64), 



Q^(...(v^ov2)---)ovke N'_a- (3.76) 

So 

-a e A for a e A. (3.77) 

Therefore, A forms an additive subgroup of F by (3.18) and the fact that e e A/o- 
By (3.21) and (3.28), 

eou = u, d{u) = for M e TVo (3.78) 

(recall 6=1). Moreover, 

uov = u-{eov)=u-v for M e A/", v G A/q. (3.79) 
Let u-i G TVq, e A/"^ with — 1 7^ a, /3 G A and i;i, G Nq. When a-\- (3 ^ —1, we have 

(M1 O Wi) O (m2 O U2) = (Mi O (m2 O W2)) O 

= {Ui ■ {d + 1){U2 ■ V2)) ■ Vi 

= (ixi-((a + l)(n2)-t;2))-i;i 
= (mi • (9+ 1)(m2)) • V2) • 

= {Ui O U2) ■ {V2 ■ Vi) 

= {ui O U2) ■ {vi ■ V2) 

— {ui o U2) o {vi o V2) (3.80) 

by (2.31), (3.18), (3.47), (3.49), (3.50), (3.78) and (3.79). When a + /3 = -1, we write 
Ui = eow with w G A/"^ and obtain 

{ui o vi) o [u2 o V2) — ((e o ty) o vi) o [u2 o V2) 

— {{e o vi) o [u2 o V2)) o w 

— [(e o U2) o (f 1 o V2)] o w 

— ((e ow) o U2) o {vi o ^2) 

= {ui o U2) o [vi o V2) (3.81) 

by (2.31) and (3.80). Now for ui G jV^, U2 G 1*3 G jV^ with -1 7^ q;,/3 G A and 

vi,V2 G A/o; we have 

[{ui o U2) o vi] o (us o V2) = [{ui o vi) o {u:i o V2)] o U2 

= [{ui o U3) o (t;i o V2)] o M2 

= [(lii o U2) o U3] o (vi o V2) (3.82) 



by (2.31), (3.80) and (3.81). Hence we get 

{ui o Vi) o (U2 o V2) = {ui o U2) o (vi o V2) (3.83) 

for ui e Af^, U2 e with a, /? e A, and Vi, V2 G Afo by (3.54) and (3.80)-(3.82). 

Observe 

e o (m o w) = o u) o V + u o (^e o v) ~ {u o e) o V = {e o u) o v (3.84) 

for ueAf and v e Afo hy (2.32), (3.40) and (3.78) (recall 6=1). Thus for m e jV^ with 
q; 7^ —1, 1*2 e A/"-! and Vi, V2 G A/q; we write Ui — eow with e A/"^ and get 

(lii o t>i) o (m2 o V2) = {{e o w) O Vl) O (U2 O V2) 

— {{e o [u2 o V2)) o w) o vi 

— ((e o 1^2) o V2) ow) ovi 

— (((e o 1*2) ow)o V2) o (e o vi) 

— (((e ow)o U2) o e) o (^2 o vi) 

= (mi o U2) o (ui o t>2) (3.85) 

by (2.31), (3.83) and (3.84). Moreover, for e jV^, U2 G with -1 a e A, 

ti3 e A/li and vi,V2 G jVo, we have (3.82). Therefore, by (3.54), (3.82) with e NLi, 
(3.83) and (3.85), we get 

{ui o vi) o (^2 o V2) — {ui o U2) o [vi o V2) for Ui, U2 G jV, 1)1, V2 G Aq- (3.86) 

Let 7^ f G A/q. Then A/" o w is a nonzero ideal of A" by (3.86) with vi = e. Hence 

Afov^Af, (3.87) 

which implies 

Af^ov^ Afo (3.88) 
by (3.54). Thus there exists u E Af^ such that 

uov^e. (3.89) 

By (3.78), 

= d{u ov) = d{u) o + u o d{v) = d(u) o v. (3.90) 

So d{u) = by (3.74). Thus it G A'o by (3.21) and (3.28). Therefore (AAq, o) forms a 
field by (3.79) and the commutativity and associativity of (Ao, •). Moreover, Af^ and Afa 
are right vector space over A/q for « G A by (3.86) with U2 = e. For 1 7^ a G A and 
7^ f G Af-a, Rv '■ Afa — ^ Ao is an injevtive A/o-linear map by (3.37) and (3.74) and 
(3.86) with V2 — e. So dim (Afa/Afo) — 1- In particular, dim (A/2/A/0) = 1. We choose 



Ifi 



7^ M G A/i. Then i?„ : A/i A/2 is an injective Ao-linear map. Hence dim (A/i/Ao) = 1. 
Therefore, we get 

dim (A/;/A/'o) = 1 for a e A. (3.91) 
Since we assume Sf ^ Af, (3.91) imphes 

A/; = Xa for aeA. (3.92) 

Again we let Fi = Ao- We choose {0 ^ e Afa \ -I ^ a e A} and 

e_i = e_2 o d. (3.93) 

We define an algebraic operation "•" on A/" over Fi 

ea-ep={f3 + l)-^e„ • (e o e^) = (/? + l)-ie„ o (3.94) 

and 

ea • e_i = 2(ea • 6-2) • ei (3.95) 

for q;,/3 e A, P —1. This definition conincides with (3.46) on J\ — Yli-i^a&A^a- 
-1 7^ a e A, 

• e_i = 2(e_2 • to) ■ ei 

= («+ l)~^(e_2 o Ca) o ei 
= («+ l)~^(e_2 o ei) o ea 

e_i • (3.96) 

by (2.31), (3.94), (3.95) and the commutativity of (A/", •). Hence (A/", •) is commutative. 
Thus for a, 7 e A such that a, 7 7^ —1, we have 

ea ■ (e/3 ■ e^) = (e^ ■ e^) ■ 

= (a + 1)^^(7 +l)-^(e^oe^)oe, 

= (e/3 • Ca) • 

= (ea • ep) ■ (3.97) 

by (2.31). For a,/? G A and a 7^ —1, we ge 

(ea • ep) ■ e_i = 2{{ep ■ Cq) • 6-2) • ei 

= -(« + l)~^((e/joea) oe_2) oei 

= -(«+ l)"^((e;3oe_2) oei) 

= 2{{eg ■ e_2) ■ ei) • 

= (e/3 • e_i) • Ca 

= Ca • (e;3 • e_i), (3.98) 
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(e_i ■ ep) ■ e_i = e_i ■ (e_i ■ e^g) = e_i ■ (e^ ■ e_i). (3.99) 

Thus (A/", ■) forms a commutative and associative algebra. According to Theorem 2.1 in 
[SXZ], we get 

(A/-,o)-(^(A,/,{0}),oi) (3.100) 

by (3.62), (3.95) and the fact 

{d + l)(AA_i) = (-1 + l)AA_i = {0}. (3.101) 
Case 3. b ^0 and (3.54) does not hold and N ^ N. 
Again we can assume h — 1 and — 1 e A. Otherwise (3.54) holds. Let 

A' = A\Z. (3.102) 
By (2.32), (3.17), (3.19) and (3.20), the subspace 

U-Y.^'o^^Y.KoM', (3.103) 

is ideal oi^^. If A' ^ 0, then [/ = A/". So 

J^-iC Yl KoM',, (3.104) 

a,/3eA' 

that is, (3.54) holds. Hence 

A c Z. (3.105) 
The assumption in (3.40) is crucial to the following proof of 1 e A. Expression (3.40) 
implies the equation in (3.18) holds for any a, /3 e A. Since Z]o7^mGA-^m + I^07^m,nGA-^4° 
is an ideal by (3.17) and (3.18), we have 

A/'= ^'m+ E ^>K- (3.106) 

OT^meA 07^m,neA 

Hence 

(3.107) 

Moreover, M o M — N hy the simphcity of M. Thus 

c Y^>^-m-i= E ACoA/-v,+A/-^A/-:,+A/-:,oA/-^ 

meA 0,-l^mGA 
0,-l^meA O^mGA 
0,-l^m€A OT^meA 

+(A/':i o AC) o + A/-; o (A/-:, o A/-:^)] 
= 5] AC.oA/-V, + (A/-;oA/-:joA/-:, 

0,-l7^mGA 

+(Ar 1 o A/;') o A/li + A/l' o (A/li o A/li) (3.108) 
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by (2.31), (2.32), (3.18), (3.40) and (3.107). Since (3.54) fails, we have 

le A, 

which is important in this case of classification. 
Let 7^ w e A4 with keN. Set 



^ {u e \ uov ^ 0}. 



Then 



by (2.31). Moreover, for u e ^, 

{e o u) o V — e o {uo v) + {u o e) o V — u o {e o v) — —ku ov — 
by (2.31) and (2.32). So Le(*) C Thus 



meA 



Note that 



^o^ = (eoA^)o* = (eo^)oA^C* 
by (2.31), (3.111) and (3.112). Let u e TV^i and w e We have 

{m + l){u o w) o V 

— (m + 1) [u o (^w o v) + {w o u) ov — w o (^uo v)] 

— —{m + l)wo(^uov) 



— (Le — m — l){w 

— {Lg — m — l){w 

— {Lg — m — l){w 

— {Lg — m — l){w 

— {Lg — m — l){w 



(3.109) 



(3.110) 
(3.111) 

(3.112) 

(3.113) 
(3.114) 



u o v) — (e o w) o (^u o v) 
uov) — {eo[uo v)) o w 

u o v) — [{e o u) o V + u o [e o v) — {u o e) o v] o w 
uov) — [Lg{u) ov + {k + l)u ov — uov]ow 
uo v) — [Lgiu] o v) o w — k{u o v) ow 

— ((Le — m — l){w) o u) o V + uo ((Le — m — l){w) o v) — {uo (Le — m — l){w)) o v 
— {Lgiu) o w) o V — k{u ow) o V 

— —[Lg{u) ow + uo [Lg — m — l)(w)] ov — k{u ow)ov (3.115) 

by (2.31), (2.32), (3.40), (3.111) and (3.112). Thus 

{m + k + l){u o w) o V — —[Lg{u) ow-\-uo [Lg — m — l)(w)] o v. (3.116) 
Let n by a positive integer such that {LgY{u) = [Lg — m — l)"(w) = 0. Then 

2n 

{m + k + 1)2"(« ow)ov = J2C])[{Ley {u) o (Le - m - l)'""^(w)] o ^; = 0. (3.117) 

j=0 



1Q 



When m ^ —k — 1, we get {uow)ov = Q. Hence 

AT 1 o c * for - A; - 1 7^ m e A. (3.118) 

Set 

oo 

y = * + ^(L^. (3.119) 

n=l 

Note 

ATo* C * + L^^^(^_fe_i) C y (3.120) 
by (3.114) and (3.118). Assume that 

No{L^,_X{^_^_^)(lV. (3.121) 

j\fo{LM,_X+\m_k-i) = {MoMU-NUoM)o{Lj^,_j\m_k-i) 

+L^>_^{Mo{Lj^,_J{^!_k-i)) C V (3.122) 

by (2.32) and (3.121). By induction on n, (3.121) holds for any n e N. Hence F is a left 
ideal. Furthermore, F is a right ideal by (2.31), (3.111) and (3.121). liV ^N, then 

e e * (3.123) 

by (3.18) and the fact A; > 0. Thus 

Q = eov^{k+l)v, (3.124) 

which is absurd. Thus y = {0}, and we have 

is injective for Q^v e Nk, k eN. (3.125) 

Next we choose Q ^ u e Nn for any — 1 7^ n G A. Note that A/" o « is a right ideal. 
Moreover, for ^1,^2 € A/", we get 

(e o vi) o [v2 o u) 

— (e o (i)2 o ti) ) o vi 

— [(e o V2) o u + V2 o (e o u) — (f 2 o e) o u] o vi 

— [(e o V2) o u + {n + l)f 2 o u — V2 o u] o vi 

— [{e o V2) o vi + nv2 o vi] o u G M o u (3.126) 
by (2.31) and (2.32). Hence 

Nl^o{U ou) dN ou for -iT^meA (3.127) 
by (3.26). Furthermore, for vi e and V2 G AA^ with — 1 7^ m G A, we have 

Vi o [v2 ou) — {vi o V2) o u + V2 o [vi o u) — {V2 o Vi) o u & Af o u (3.128) 
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by (2.32) and (3.127). Thus 

Afou + J^iLAruYi'^) (3-129) 

i=i 

is a nonzero ideal of A/" by the same arguments as (3. 120)- (3. 122). So 

oo 

7V' = A/'oM + ^(Ljv-iJ^(M). (3.130) 

Expressions (3.18) and (3.130) show 

AC=AC_„oH forn-l<meA. (3.131) 
If —2 e A, we take n = — 2 in the above and get 

Miou = MLi, (3.132) 
which imphes (3.54). Thus J^!_2 = {0}. Furthermore, (3.125) with k — 1 implies 

A = {-1}|Jn. (3.133) 
For u e and vi,V2 € A/o, we have 

{u O Vi) O V2 — u o (vi o V2) 

— {vi o u) O V2 — Vi o (u O V2) 

— ((e o vi) o m) o ^2 — (e o vi) o (m o V2) 

— ((e ou) o vi) o ^2 — (e o (m o V2)) o vi 

— ((e o li) o i^i) o t)2 — ((e o li) o 1)2) o = (3.134) 

by (2.31), (2.32), (3.77) and (3.83). Moreover, for e Af^i, U2 G Afp with (3^-1 and 
vi, ^2 e A/'o, we get 

(ui o i;!) o (U2 o V2) 

= (til O (m2 O t>2)) O 

= [{ui O M2) o i;2 + M2 o (mi O W2) - (m2 O Ml) o t;2] O Vi 

= [{Ul O U2) O V2 + (m2 O Ui) OV2- {U2 O Ui) O V2] O Vi 

= ((lil O 1i2) O '"2) O 1^1 

= (lil O 1^2) O (V2 O Vi) 

— {ui o U2) o [vi o V2) (3.135) 

by (2.31), (2.32), (3.40), (3.79), (3.85), (3.134) and the commutativity of (TVq, •)■ Futher- 
more, 

ATioATi^fO} (3.136) 
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by (3.18) and (3.133). Thus (3.86) holds in this case by (3.80), (3.85), (3.135) and (3.136). 
Therefore, (A/q, o) forms a field and (3.92) holds. Pick any 7^ e' G A/"-!, then 

e'oe' = (3.137) 

by (3.136) and 

e'oU = U (3.138) 

by (3.86), (3.92), (3.125) and (3.138). By (2.31), (3.137) and (3.138), R^' = 0. Replacing 
e by e', we go back to Case 1. 

This completes the proof of Theorem 3.4. □ 



4 Classification of Irreducible Modules 

In this section, we shall classify all the irreducible modules of a certain infinite-dimensional 
simple Novikov algebras with an idempotent element whose left action is locally finite. 

As usual, a submodule of a module M of a Novikov algebra (jV, o) is a subspace V of 
M such that 

uoV.V oudV ioY ueN. (4.1) 

The module M is called irreducible if it docs not contain any proper nonzero submod- 
ule. First we present a Lemma due to Osborn [04] and gave the proof for the reader's 
convenience. Recall the notations in (3.6). 

Lemma 4.1 (Osbron). Let M he an irreducible module of a Novikov algebra {J\f, o). 
Suppose that RM{[^f,J^~) 7^ {0}. IfT is a polynomial of right multiplication operators 
on Af such that T{H) — {0}, then the operator T' obtained from T with replaced by 
Rm{u) also satisfy T'{M) = {0}. 

Proof Note that N o M is & submodule of M by (2.31). If M = 7\A o M, then 

T\M) = T\U oM)= T{U) o M = {0} (4.2) 

by (2.31). So the lemma holds. 

li M ^ N o M, then jV o M = {0} by the irreducibility of M. For ui,U2 e N and 
w E M, we have: 

{w o ui) 0U2 — w o {uio U2) = {ui ow)ou2 — uio{wo U2) = (4.3) 
by (2.32). Moreover, 

Rm{[Ui,U2]~){w) = W O {mo U2 - U2O Ui) 

— {wo ui) 0U2 — {w O U2) O Ui 

— {wo U2) o ui — {w o U2) oui — (4.4) 
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by (2.31) and (4.3). Since w is arbitrary, Rm{[ui,U2] ) = 0. Hence Rm{[M,M] ) = {0}, 
which contradicts our assumption. □ 

Next we shall give the constructions of irreducible modules. Take J to be the additive 
semi-group {0} or N. Let ^ be a vector space with a basis 

{ua,i\ a e¥,i e J}. (4.5) 

Define the operation "•" on A by 

Ua,i ■ Up J = Ua+f3,i+j for Q;, /3 G F, ij e J. (4.6) 

Then {A, ■) forms a commutative associative algebra with the identity element 1 ~ uo^. 
We define the map d : ^ ^ ^ by: 

d{ua,j) = OiUaj + jua,j-i for « G F, j G J. (4.7) 

Let A be an additive subgroup of F such that J + A {0}. Set 

aGA,iGJ 

Next, for any fixed element ^ e Af, we define the operation "o" on A by 

uov = u- d{v) + ^ ■ u ■ V for u, V E A. (4.9) 

By Theorem 2.9 in [X2], {A, o) forms a simple Novikov algebra and (jV', o) forms a simple 
subalgebra of {A, o). For A e F, we set 

M(A)= (4-10) 

aGA,iGJ 

Expression (4.9) shows 

Af o M(A), M(A) oXc M(A). (4.11) 

Thus M(A) forms an jV-module. In fact, by a similar proof as that of Theorem 2.9 in 
[X2] , we obtain: 

Theorem 4.2. The M-module M(A) is irreducible. 

A natural question is to what extent the modules {M(A) | A G F} cover the irreducible 
modules of A/". Up to this point, we arc not be able to answer this for a general element 
^ e M . The following is our second main theorem in this paper. 

Theorem 4.3. If ^ — b & ¥, then any irreducible H-module M with locally finite 
Luiudfi) is isomorphic to M(A) for some A e F. 



Proof. Assume C = b. Then (4.9) becomes 

Ua,i o upj = (/3 + b)ua+/3,i+j + jUa+f3,i+j-i for «, /3 G F, i, j e J. (4.12) 
In particular, 

uo,o o ^7,; = (7 + b)u^,i + /M7,i-i for 7 e A, / e J (4-13) 

and 

Ua,i ° ux,o = (A + b)uo,+x,i for a,XeW, i e J. (4-14) 
Expression (4.14) implies 

Ru,,, = 6Id^. (4.15) 

Let M be an ^/-module M with locally finite Lm (1*0,0) • The local finiteness of Lm('Uo,o) 
implies the existence of its eigenvectors in M. 

Case 1. The operator Lm (1*0,0) has an eigenvector with a nonzero eigenvalue. 

Let w be the eigenvector and let A + 6 be the coresponding nonzero eigenvalue. Set 

M'^Afow^ ¥ua,iOw. (4.16) 

In particular, w e M'. For a e A, i e J and u e Af, 

{Ua,i O w) O U = {Ua,i O u) O W E M' (4-17) 

by (2.31). Note that 

«0,0 O {Ua,i OW) = (mo,0 O Ua,i) OW + Ua,i O (mq.O O w) - {Ua,i O Mo,o) O W 

= (a + 6)Ma,i O W + iUa,i-l OW + {X + b)Ua,i OW - bUa,i O W 

— {a + X + b)ua,i o w + iUa,i-i o w (4-18) 
by (2.32). Moreover, 

(W0,0 °u)o {Uc,,i o w) 

= {uo,o ° {Ua,i ° w)) o u 

= {{a + A + b)Ua,i O W + iUa,i-l o w) OU 

= {a + X + b){ua,i o u) o w + i{ua,i-i o u) o w (4.19) 

by (2.31) and (4.18). Futhermore, (4.13) shows 

Mo oU = N ifJ = Nor6^A. (4.20) 

Thus M' is a nonzero submodule of M if J = N or 6 ^ A by (4.17) and (4.19). Assume 
that J — {0} and 6 e A. Since we assume J + A 7^ {0}, we have A ^ {0}. In this case, 

Uafi e 1*0,0 oA/" for -fty^aeA (4.21) 
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by (4.13). Since char F = 0, we have | A| = oo. There exists 7 G A such that 7 7^ 0, —b. 
Since M^_b,o, w^,o G uo,o o A/" by (4.21). Hence 

= (7 + 6)~^(ti-^_6,0O (ti7,0O«^)) 1*7,0 

e (jV' ow)o Q 

= {J\f O U^fi) O W 

C jVo w 

= M' (4.22) 

for q; e A by (2.31), (4.14) and (4.19). Therefore, M' is again a nonzero submodule of 
M. The irreducibihty of M shows 

M = M'. (4.23) 

We define a hnear map a : M(A) — > M by 

(7(iiQ+A,j) = Ua,i ow for q; e A, i e J. (4.24) 

By (4.12) and (4.17), 

a{Ua+X,i O Upj) = a{{(3 + b)Ua+l3+X,i+j + jUa+l3+X,i+j-l) 

= (/3 + 6)(7(lia+/3+A,i+j) + ja{Ua+p+X,i+j-l) 

= (/3 + 6)?/„+;3,j+j- O W + jUa+p,i+j-l O W 

= [(/3 + b)Ua+f3,i+j + jMa+/3,i+i-l] O W 

= {Ua,i O M/3j) O W 

= (Ma,i O W) O Up J 

= (7(Wa+A,j) O li/3,j (4.25) 

for q;,/3 e A and i,j G J. Moreover, (4.13) and (4.17) show 

a{uo,oOUa+X,i) = (7((q; + A + 6)'Ua+A,i + Wa+A,i-l) 

= (a + A + 6)(7(ii„+A,i) + i(j(iia+A,j-i) 
= (a + A + 6)wa,i o w + mQ,i_i o w 

= MO.O O 0-(Ma+A,i) (4.26) 

for a e A and i & J. Furthermore, 

Cr((Mo,0 O Uf3j) O M«+A,i) = 0-((Mo,0 O Mq+A,*) O Ufsj) 

= Cr(Mo,0 o MQ+A,i) ° Uf5,j 

= (M0,0OO-(Ma+A,i)) 

= (1*0,0 O li/3j) O (7('Ua+A,i) (4.27) 



for «, /5 G A and i,j G J. Thus a is an A/'-modulc homomorphism when J = N or 6 ^ A 
by (4.20). If J = {0} and 6 G A, we choose 7 G A such that 7 7^ 0, —6 and get 

a{U-bfi O Ua+X,o) = (7 + &)'"V((lt_^_6,o O 1*7,0) ° Ua+X,o) 

= (7 + 6)"V((m_^_5,o O Wa+A,o) O ^7,0) 

= (7 + ^)""^O-(^^-7-6,0 O 'U„+A,o) O U^,0 

= (7 + 6)"^(m_^_6,o O a{Ua+Xfl)) O 

= (7 + 6)"^(m_^_6,o O ^i7,o) O (7'(Ma+A,o) 

= u^b,o° cr{ua+x,o) (4.28) 

by (4.21) and (4.27). Again a is an A/'-modulc homomorphism. Since M(A) is irreducible 
and M ^ {0}, a must be an A/'-modulc isomorphism. 

Case 2. The operator Lm{uo,o) has only zero eigenvalue. 

By (4.12), 

[ua,i: Ufsj]' = iP- a)ua+p,i+j + {j - i)ua+p,i+j-i for «, /3 G A, ij G J. (4.29) 
In particular, 

[uofi^upj]" = Puf)j + jufsj^i for P e A, j e J. (4.30) 

Hence 

Ko,-A/l-=AA (4.31) 
if J = N. When J = {0}, {0} by our assumption. Note that (4.30) shows 

Ua,o e [uo,o,^f]~ for 7^ a G A. (4.32) 

Moreover, 

[it_a,o,iia,o]~ = 2Q;iio,o for « G A. (4.33) 

Thus we always have 

[AA,AA]-=AA. (4.34) 

If RM{[^f,^f]~) = {0}, then i?M(AA) = 0. So A/'o M ^ {0} because M is not trivial. 
Since A/" o M is a submodule of M, M = A/" o M. But 

M = MoM = (NoM)oM= (A/'oM) oAA= {0}, (4.35) 

which contradicts to the non-triviality of M. Thus i?M([A/', A/"]") ^ {0}. By Lemma 4.1 
and (4.15), we have: 

RM{uofi) = 6IdM. (4.36) 
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Again we let w be an eigenvector of L„g ^ (remember the corresponding eigenvalue is 
0). Then we have 

U0,0 0{W0 Ua,i) = (lio,0 O w) O Ua,i + WO {uQfi O Ua,i) - {w O UQfi) O Ua,i 
= Wo{{a + b)Ua,i + iUa,i-l) -bwo Ua,i 

— aw o Ua,i + iw o Ua,i-i (4.37) 

for a e A and i e J by (2.32), (4.13) and (4.36). In particular, w o is an eigenvector 
with the eigenvalue a if it is not zero. Hence by our assumption of the zero eigenvalue of 
LM{uofi), we have 

w o Ua,o = for 7^ a e A. (4.38) 

Moreover, (4.37) shows that w o Ua,i is an eigenvector with the eigenvalue a if it is not 
zero. So 

w o Ua,i = for 7^ a e A. (4.39) 
Continuing this process, we can prove 

w o Ua,i = for 7^ a e A, i e J. (4.40) 

Note that 

{uo,o o Ua,i) ow = (mo,o ow)o Ua,i = for « G A, i G J. (4.41) 

So 

Afow^{0} if J = N or 6 ^ A (4.42) 
by (4.20). Assume that J = {0} and b E A. 

Ua,o ow = for -bj^ a e A (4.43) 

by (4.21). Moreover, we choose 7 e A such that 7 7^ 0, —6 and get 

u^b,o o w = (7 + 6)~^(w_^_6 o u^^o) o w = (7 + 6)"^('u_^_6 0^)0 u^^o = (4.44) 

by (2.31). Thus we always have 

^^ow = {0}. (4.45) 
li A ^ {0}, then we choose any 0, — 6 7^ /9 e A. We get 

(p + b)w o tiQ j + jw o uo,j-i 

= wo (?i_/3,0 O U/sj) 

= (wo u-fjfl) o Uf}j + u-fjfl o{wo Ufjj) - ow)o Up J = (4.46) 
by (2.32), (4.40) and (4.45). By induction on j, we get 

w o uqj = for j e J. (4.47) 
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So ¥w is a trivial submodulc by (4.40), (4.45) and (4.47), which contradicts to the irre- 
ducibhty of M. Thus A = {0}, which imphes J = N by our assumption. 
We redenote uqj by uj for j G N. Now (4.37) becomes 

Uqo (w o Ui) — iw o Ui-i for i e N. (4.48) 

Note that for G N and 7 e F, we have 

+ j)bu^^i+j+i-i + (4.49) 
by (4.12). If 6 = and i+ j > 1, the above expression shows 

Ru,Ru, = + J - ly'Ru,^,., (4.50) 

on A, and in particular on jV. Assume 6 7^ 0. Then 

Ru,Ru,^bRu,^^+tjb-\R^^^._,+ J2 i-'^)'b-''{i+j-l)---{i + j-k)Ru,^^_,_J (4.51) 

fe=i 

on A and in particular on J\f. By Lemma 4.1, we must have 

RM{uj)RM{ui) = + j - l)-^RM{ui+j-i) for i,j eN, i+j > 1 (4.52) 
when 6 = and 

RM{uj)RM{ui) = bRM{ui+j) + ijb~^{RM{ui+j-i) 

i+j-2 

+ J2 {-^)'b-'{t +j-l)---{z + j- k)RM{ui+j-k-i)) (4.53) 

k=l 

for i, J G M when b ^ 0. 
Set 

00 

M' = '^¥woUj. (4.54) 

j=0 

Then 

{w o uq) o Uj = bw o Uj for j G N. (4.55) 

For < i,j G N, we have 

{w o Ui) o Uj = + j — ly^w o Ui+j-i when 6 = (4.56) 

by (4.52) and 

{w o Ui) o Uj — bw o Ui+j + ijb~^{w o Ui+j-i 

i+j-2 

+ (-l)'&-'(^ +j-l)---{z + j-k)wo Ui+j_k-i) (4.57) 
fe=i 
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when 6 7^ 0. So 

M'oXcM' (4.58) 

by (4.36), (4.55)-(4.57). Furthermore, 

(mo o Uj) o (^w o Ui) = {uo o (w o Mj)) o Uj = i{w o Ui-i) o Uj G M' (4.59) 

for < i,j e N by (2.31), (4.48) and (4.57). Since o U ^ U hy (4.13), M' is a 
submodule of M by (4.45), (4.48), (4.58) and (4.59). When 6 ^ 0, w = h-^w o uq e M'. 
So M' ^ {0}. If 6 = 0, then wou^^^S. If M' = {0}, then Fu^ forms a trivial submodule 
by (4.45), which contradicts to the irreducibihty of M. Hence, we always have M' ^ {0}. 
Thus 

M' = M. (4.60) 

Assume 6 7^ 0. Observe that (4.12) implies 

u-bfi oui^ bu-b,i + iu-b,i~i for i e N. (4-61) 

Hence 

{u^bfi oui\ieN} (4.62) 
is a basis of M{—b). We define a linear map a : M{—b) — > M by 

a{u-b,o o Ui) — w o Ui for i e N. (4.63) 

By (4.13) and (4.61), 

Uo o {u^b,o ° Ui) = ^^0 o {bu-b,i + iu-b,i-i) 

= i{hu_b,i-i + ^)u-b,i-2) 

= i{u-bfi ° Ui-i) . (4.64) 

Moreover, 

cr((M_b,o o Ui) o Uj) 

i+j-2 

= a[{hK^^^+ijh-\K^^^_,+ 5^(-l)^'6-^ 

(i + J - 1) • • • (i + J - k)R^^^._^_;)){u_b,o)] 

i+j-2 

= [bRM{ui+j) + zjb-\RM{ui+j-i) + J2 

fc=i 

{i+j-l)---{i+j- k)RM{ui+j-k-i))]{w) 

= {wo Ui) O Uj 

= a{u_b,o o Ui) o Uj (4.65) 
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for i,j G N by (4.51) and (4.53). Furthermore, 

a{{uo o Uj) o {u^,,^o o Ui)) = a{{uo o {u^i,^o o Ui)) o Uj) 

= ia{{u-b,ooui-i) ouj) 

= ia{u_b^o o Ui_i) o Uj 

— i{w o Mj_i) o Uj 

— {uq O {w O m)) O Uj 
= {Uo O Uj) 0{W0 Ui^i) 

= {uo o Uj) o a{u^b,o o Ui) (4.66) 

by (2.31), (4.48), (4.64) and (4.65). Since UqoM = o is an A/"- module homomorphism 
by the above two expressions. Therefore, cr is an isomorphism by the irreducibility of 
M(-6). 

Finally, we assume 6 = 0. In this case. 

1*0 o = for 3 e f*^- (4-67) 

Hence 

{wo o Uj I i e N} (4.68) 
forms a basis of jV = M(0). We define a linear map a : M ^ M hy 

a{uo oui) — w oui for i eN. (4.69) 

By (4.67), 

Uo o [uq o Ui) = iuo o Ui-i. (4.70) 

Moreover, for < e N, 

a{{uo o Ui) o Uj) = + j- 1)"V(mo o Ui+j-i) 
= + j- l)~^w o Ui+j-i 

— {wo Ui) O Uj 

— a{w o Ui) o Uj (4-71) 
by (4.52). In addition, (4.15) and (4.36) show 

a{{uo o Ui) o Uq) = (t(0) = = a{uo o Ui) o uq. (4.72) 

Furthermore, 

a{{uoouj) o (uQOUi)) = a{{uoo (uooui)) ouj) 

= ia{{uooui-i) ouj) 

— ia{uQ o Ui-i) o Uj 



= i{w o Ui-i) o Uj 
— {uq o (-u; o Ui)) o Uj 

= {Uo O Uj) o{w O Ui-i) 

= {uo o Uj) o a{u-bfi o Ui) (4.73) 

for i,j e N by (2.31), (4.48) and (4.70)-(4.72). Since mq o A/" = A/", (x is an Ar-module 
homomorphism by the above three expressions, which must be an isomorphism because 
M(0) = A/" is an irreducible A/'-module. □ 
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